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Résumé

This work concerns the analysis of a class of linear dynamical sys-

tems. We study the possibility of comparing input operators, with res-
pect to the output one, and we give characterization results. Various
situations are examined, applications and illustrative examples are pre-
sented.
Under convenient hypothesis, we also show how to find the optimal
control ensuring the compensation of a disturbance in the finite time
or asymptotic cases. The relationship with the notions of controllabi-
lity, stability and stabilizability is examined. Here also, applications and
examples illustrating different results and situations are given.

Keywords : Dynamical systems, observation, control, domination, reme-
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1 Introduction and problem statement

In this work, we consider a class of finite dimension dynamical systems descri-
bed by a linear state equation as follows :

(S) { jgg)) zz;l(;z(é)R—l?—l Byuy(t) + Baug(t) ; 0 <t < T (1)

where A € M,(R), By € M, ,(R), By € M, ,(R), u; € L*(0,T;R?) and
us € L2(0, T; R™).

The system (.9) is augmented by the output equation :

y(t)=Cz(t); 0<t<T (2)
where C' € M, ,(R). The state of system (.5) at time ¢, is given by :

2(t) = ez + Hy(t)uy + Ha(t)uy (3)
where for ¢ €]0,T], Hy(t) and Hy(t) are the operators defined by

Hy(t): L*0,t;RP) — R"

¢
Uy — / eA(t_s)Blul(s)ds
0
and

Hy(t): L*0,t;R™) —s R"

¢
Uy — / eA(t_S)BQU2<S)d8
0
For i = 1,2, we note H; = H;(T). Then

y(T) = Ce* 2y + CHyuy + CHyuy (6)

The system () is excited by two input terms Bju; and Baug where one, the
second for example, is considered as an intentional or accidental disturbance.
The other term Bju; is introduced in order to compensate [1,2] at the final
time 7', the effect of the disturbance by bringing back the observation to the
normal situation which is CeTzy. That is to say : for any uy € L*(0, T; R™),
there exists a control u; € L*(0,T;RP) such that :

T T
Ce Mz + / C’eA(T_S)Blul(s)ds + / C’eA(T_S)Bguz(s)ds = CetM),
0 0
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or equivalently

CH1u1 + CHQUQ =0

This leads to the notion of domination which consists to study the possi-
bility of comparing the input operators B; and Bs, with respect to the output
one C.

The domination notion is introduced and studied separately for controlled
and observed distributed systems [3]. In this paper, we examine the problem
of domination in connection with the compensation one.

First, we consider the finite time case. We define and we characterize the no-
tion of domination. Sufficient conditions, applications and illustrative examples
are also given. The minimum energy problem [7,8] is examined using Hilbert
Uniqueness Method, such a problem can be studied as a general optimal control
one. The obtained results are extended to the asymptotic case and various
situations are examined. The relationship with the notions of stability and
stabilizability [4,5,6] are equally studied.

2 Finite time C-domination

2.1 Definitions and characterizations

We define hereafter the notion of C'-domination.
Definition 2.1
We say that By dominates By on [0, T] with respect to C' (or By  C-dominates
By on [0,T1]), if for any uy € L?(0,T;R™), there exists a controlu; € L*(0,T;RP)
such that :

CHl'LLl + CHQUQ =0

In this case, and for C' and T fixed, one can note By < B

We have the following characterization result.
Proposition 2.2 The following properties are equivalent :

i) By dominates By on [0, T]| with respect to C.

it) Im(CHy) C Im(CHy).

iii) Ker(H;C*) C Ker(H;C*).



2446 L. AFIFI, A. EL JAI and E.M. MAGRI

iv) Iy > 0 such that for any 0 € R, we have
| B3 T )C 0 20 mmmy < v 1Bre™ TIC ] p2 0 1) (7)
Proof : Derive from the definition, the fact that

Ker(H;C*) = Ker(Be*T=)C*), fori=1,2

and also the following well known result.

Lemma 2.3
Let X , Y and Z be Banach reflexive spaces, P € L(X,Z) and Q € L(Y,Z).
We have

Im(P) C Im(Q)
if and only if

vy > 0 such that for any z* € Z', we have |P*z"|| v, < v||Q* 2|y

Concerning the relationship with the controllability notion, we have the
following result.

Proposition 2.4
i) If the system

(S) { igé)) zfozg)ﬂg Biui(t); 0<t<T (8)

is controllable on [0,T], then By dominates any operator By on [0,T], with
respect! to C.

ii) The converse is not true.
Proof :

i) Obviously, (S7) is controllable on [0, 7] <= ImH; = R",
then

Im (CHy) = Im(C)

and hence

'Tn fact, this is true for any output operator C.
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Im (CHy) C Im (CH,)
Consequently B; dominates By on [0, 7], with respect to C.

ii) Counter example : We consider the case where n =2, p=¢ =1 and

(10 e (32)e e (2 -0

we have
* 1 Q(Tis)e
* AN (T—s) g _ (T—s) —
Bje C'0=e ( 0 ) 0 ( 0 )
and
(T-s)p
* A*(T—s * € —s
BT = (1 o)< 0 ):e(T 0
then

| BietTC* 0 r20,mm2) = | Bie T IC 0| 20,m)
The inequality (7) is then true for v = 1. Hence B; C-dominates By, but

0 0

Consequently (S7) is not controllable on [0, 7. O
We give hereafter a sufficient condition ensuring such a domination.

Proposition 2.5 If

mnk(31 ABl):mnk(l 1):1<2

mnk( CB, CAB, .. CA*'B ) =q 9)
then By C-dominates any operator By on [0, T].

Proof : Using Caylay-Hamilton theorem, we have

rank ( CB; CAB, .. CA"'B, )=g¢q

B;C*
B} A*C*
. y=0;VyeR! = y=0

Bik(A*yz—lC*

(np,q)

< Ker(H,)*C* = {0}
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Hence, if Ker [(Hy)*C*] = {0}, then Ker [(H;)*C*| C Ker [(Hy)*C*]

and then, B; dominates By on [0, 7] with respect to C'. O

Remark 2.6

i) One can have

rank;( CB, CAB;, .. OAn_lBl ) =q

even if the system (Sy) is not controllable on [0,T].

it) By may dominates another operator By, with respect to C' on [0,T],
without having

rank;( CB, CAB, .. CA"'B; ) =q
This is illustrated in the following example.
Example 2.7

i) We consider the case wheren =2, p=q=1 and

10 1
A:(O 1); Blz(l); C=(10)
The controllability matriz is given by

( B, ABl):G 1)

its rank is then 1 < 2. Consequently, the corresponding system is not
controllable on [0,T]. On the other hand

(CBy CABy )=(1 1)

Its rank is 1 = q, then By dominates any operator By on [0, T] with respect
to C'.

it) Now, form=n=2,p=1, ¢=2 and

(1 0. (1 0. (1Y (1 1Y A
() (38 me (1) e ()

we have
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. 10 11 0
A*(T—.s) (1 —  (T—s) 1
e =@ () () ()

_ 1) 01 + 6,
01 + 05

and BietT=9C*0 = eT=)2(0; + 0,), then

T
| B IO gy = 4 [ 6+ 00 s
0

On the other hand

T
* _ 0.+ 6
B —. * 2(T—s 1 2 2
| Biet =)0 HH%Q(O,T;RQ) N /0 . ( 0 + 0y ) I”ds

T
= 2 / 2T (0, + 6,)%ds
0
hence

| Byet TC0l| 20wy < || Bie" "0 20,1y

Consequently, By C-dominates By on [0,T], even if

rank‘(CBl CABl):mnk(g 3)217&2

OJ
In the following result, we give a necessary and sufficient condition for such
a domination.

Proposition 2.8

By C-dominates By on [0,T), if and only if

]m( CB, CAB2 CAnle2 ) C Im( CB; CABl CAnilBl )
Proof : Using proposition 2.2, B; C-dominates B, on [0, 71, if and only if

Ker(H{C*) C Ker(H;C™)
Using Caylay-Hamilton theorem, we deduce that for i = 1,2
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B:C*
BrA*C*
y € Ker[(H;)*C*| <~ , y=0
* *'n—l *
B (A ) ¢ (np,q)
hence
BrC*

BrA*C*
Ker ) = Ker(H:C*)
B:(A*)n—lc*

Consequently, B; C-dominates By on [0, T], if and only if

[m(C’Bg CABQ C’A”_lBg)C[m(CBI CABl CAn_1B1>
0

Remark 2.9

1. This necessary and sufficient condition is not depending on the time pa-
rameter T'.

2. In the particular case where By is invertible, By C'-dominates By on [0, T]
if and only iof

Tank:( CB, CAB, .. CA"'B ) = Tank:( C )

2.2 Minimum energy problem

In this part, we assume that B; C-dominates By on [0,7], then for any
v € L?(0,T;R™), there exists a control u € L*(0,T;RP) such that

CH1U+OH2U:0 (10)

For v € L*(0,T;R™), we examine the existence and the uniqueness of the
optimal control u € L*(0, T; R?) satisfying (10), i.e. ensuring the compensation

of the opposing term Bsv.
For this, we use an extension of the Hilbert Uniqueness Method. Indeed,

for 0 € RY, let us note :
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N

T
0= ([ lunycoiast = ([ 1Bt coa

|| €], is a semi-norm on RY.

his is

We assume that || .||, is a norm on R% If Ker|[(H,)*C*] = {0}, t
(1)+(2) o

equivalent to the asymptotic remediability [1,2,3] of the system
[0, T]. The corresponding inner product is given by :

T
<b,0>, = / < Biet"T=9C*9 Bret" =) C* g >ds
0

and the operator A¢ : R? — RY defined by

T
Ac = CH{(H,)*C*0 :/ CeT=*) B, B e T=9C*0ds

0

is symmetric and positive definite, and then invertible. We give hereafter
the expression of the optimal control ensuring the compensation of the effect
of the term Byv, at the final time 7T

Proposition 2.10
For v € L*(0,T;R™), there exists a unique 0, € R? such that
Acb, = —CHyv
and the control
ug,(.) = Biet =)0,
verifies
CHl“GU + CHQU =0
Moreover, it is optimal and
[ue, [l 220,7:r) = 1100]l

Let us note that one can also consider a general optimal control problem
with a cost function defined on L?*(0,T;RF) by
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J(u) = < P(CHyu+ CHyv),CHyu+ CHyv >

+ /0 e Q(CH(t)tu+ CHy(t)o). CHy(t)u + CHy(t)o > di

+ /T < Ru(t),u(t) > dt

where P, () and R are symmetric matrixes with ) positive, P and R are
positive definite.
In the next section, we present an extension to the asymptotic case.

3 Extension to the asymptotic case

In this part, we consider a class of linear dynamical systems described by the
following state equation

(57) { 2(0) = zp € R"

with A € M,(R), By € M, ,(R), By € M, ,(R), u; € L*(0,+00; RP) and
uy € L*(0, +00; R™)

(12)

The system (12) is augmented by the output equation :

y(t) = Cz(t); t>0 (13)
with C € M, ,,(R). We have

Z(t) = €At20 -+ H1 (t)u1 -+ HQ(t)UQ

= ()

where z, and z_ are respectively the projections of the state z on the
unstable and the stable subspaces :

Let

E.= @ Ker(A-A1,)"™W (14)
R(e)(A)=0

and
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E.= P Ker(A-A1,)"™ (15)
R(e)(\)<0

where m()) is the multiplicity of the eigenvalue A. Ey and F_ are invariant
with respect to the operator A. We have

(S*T) 27(t) = Aizt(t) + PBuy(t) + PBus(t)
(16)
(S7) 27 (t) = A_z=(t)+ (I — P)Buy(t) + (I — P)Bux(t)

P is the projection operator on the unstable part and A, respectively A_,
is the matrix induced by A on F,, respectively F_.

In the case where we observe only the stable part, i.e. if
E+ C Kel‘(C)
the following operators K*°(C') and L*(C') respectively given by

K*(C): L*0,+00;RP) — TRY

u s / Ce Byu(t)dt
0
and

L>(C): L*0,+oc0;R™) — RY

v — / Ce™ Byu(t)dt
0

are well defined. We have the same result if the considered system is expo-
nentially stable, i.e. the matrix A is such that Re(\;) < 0 for i = 1,n; where
A1, ..., A, are the eigenvalues of A. But as it will be shown later, this is not
necessary.

We assume that operators K*°(C') and L*(C') are well defined. By the
same, we say that B; C-dominates B, asymptotically, if for every uy € L*(0, +o00; R™),
there exists u; € L?*(0, +0o0; RP) such that :

With a similar approach, it is easy to show the following characterization
result of the asymptotic domination.
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Proposition 3.1 The following properties are equivalent :
i) By C-dominates By asymptotically.
ii) Im [L>(C)] C Im[K>(C)]
iii) Ker [K>°(C)] C Ker [L>(C)]
i) Iy > 0 such that V0 € R?, we have

| Be™ C*0l 120400y < VNI B C*0| 120 +o0imr)

v)

Im(CBy CAB, .. CA"'By)cIm(CB CAB, .. CA"'By)

Let us note that if the eigenvalues Aq, ..., \,, of A are such that : Re(\;) <0
for + = 1, n, the proposition 2.4 remain true in the asymptotic case.
One can also consider the asymptotic optimal control problem. The approach
and the results are similar.

We give hereafter illustrative examples showing particularly that the no-
tions of stability (or even the stabilizability) and also the controllability are
not necessary for considering the asymptotic domination.

Example 3.2

Let us consider the case of an unstable system withm =n=2,p=q=1

and
2 0 10 1
(7 9) me(08) me (o) om0

Obviously, the system is not stable. We have

etA — PetAP—l

where

then
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In this case K®(C') and L>*(C) are well defined and

(CB, CAB, )=(1 —1)
and Tank( C ) = 1. Consequently, By C-dominates By asymptotically.

O

Example 3.3 We consider an unstable system with m =n =2, p=q =1
and Bs is tnvertible.

i) For

A=(g5)i (o) c=(1 1) F=(ab)

we have

([ 1+a b
A+B1F—(O 2)

(A, By) is not stabilizable because for any F = (a b ), A+ BF is not
stable. However, By C-dominates By asymptotically.

A:(_ll (2)); 312((1)); C=(11)

—1 0
a+1 b+2

i1) Let

For F = ( a b), the matrizc A + B1F = (
b < =2, then (A, By) is stabilizable.

) is stable for

2
and consequently (A, By) is not controllable (in fact, the asymptotic control-
lability is not well defined in the considered case). But By C-dominates By
asymptotically, because

On the other hand, we have AB; = ( 0 ), then rank(By; ABy) = 1 # 2

rank:( CB, CAB; ) = rank( C ) (17)

Let us remark that in the general case, if C' is an invertible matriz (for
example if C' is the identity matriz), then the relation (9) (the relation (17) in
the considered example) is equivalent to the controllability rank condition. But
this hypothesis is strong and is not very useful.
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O

Finally let us note that concerning the asymptotic minimum energy pro-

blem, and with an extension of H.U.M., it is easy to show the existence and
the uniqueness of the optimal control and also how to find it.

With convenient hypothesis, one can also consider the asymptotic version
of the cost function given by (11).
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